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Abstract

Shear flow over a periodic array of cylindrical rods attached to a substrate is studied as a model of flow over a

nanomat consisting of aligned carbon nanotubes. The objectives are to evaluate the macroscopic slip velocity, compute

the hydrodynamic load exerted at the rod side surface and tip, and estimate the flow-induced deflection. The

hydrodynamic traction and macroscopic slip velocity are computed by solving the equations of Stokes flow for a doubly

periodic square or hexagonal arrangement using a boundary-element method. The results illustrate the dependence of

the slip velocity on the surface coverage expressed by the ratio of the rod radius to separation, and confirm the

occurrence of hydrodynamic screening due to surrounding rods confining the traction near the exposed tip of each rod.

An estimate for the flexural stiffness of nanotubes is made using available information on the flow-induced deflection.

Computations for shear flow past an isolated attached rod are carried out using a highly accurate boundary-element

method coupled with a finite-element method for solving the Euler–Bernoulli beam equation, and an iterative procedure

involving a boundary-element implementation coupled with a boundary-value formulation involving ordinary

differential equations for describing large beam deformation. The results illustrate the precise shape of deflected rods.

& 2010 Elsevier Ltd. All rights reserved.
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1. Introduction

Dense arrays of parallel carbon nanotubes can be grown on substrates using thermal chemical vapor deposition

(CVD) and other techniques, yielding surfaces that resemble nanomats, nanocarpets, or nanoforests [e.g., Deck and

Vecchio (2005), Xu et al. (2006)]. Ni et al. (2008) demonstrated that measuring the deflection of the individual

nanotubes due to an overpassing flow can be used to deduce the flexural rigidity of the rolled hexagonal atomic lattice

comprising the nanotubes. In their experiments, the nanotube deflection was inferred from the attenuation of a laser

sheet transmitted through a sample. Classical Euler–Bernoulli beam theory combined with data fitting was then applied

to evaluate the flexural rigidity. Further interest in flow over nanomats and other patterned surfaces is motivated by the

desire to reduce the hydrodynamic surface drag coefficient and effective contact angle at a three-phase contact angle,

most likely due to the entrapment of gas. Motivated by this possibility, Ford and Papavassiliou (2006) computed shear

flow past a single file and a doubly periodic hexagonal array of nanotubes attached to a substrate and provided data

illustrating the effect of fluid inertia.

In the first part of this paper, a theoretical model of an idealized nanomat comprised of a doubly periodic array of

semi-infinite cylindrical rods is developed. Because shear flow over the nanomat decays rapidly with distance into the
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tight space between the rods, the presence of a support can be neglected as a first approximation. The objectives are to

evaluate the macroscopic slip velocity due to the fibrous nanomat constitution and provide an estimate for the nanotube

deflection for small deformation. The former is possible thanks to a special implementation of the boundary-element

method that employs the doubly periodic Green’s function of Stokes flow computed in terms of Ewald sums. We find

that, for dense arrangements, the exposed tips of the rods receive the majority of the hydrodynamic load due to the

shear flow. Reliable estimates for the rod deformation may then be obtained and the flexural stiffness can be estimated

using the Euler–Bernoulli beam theory for a cantilever with a concentrated tip load.

In the second part of this paper, we consider shear flow over a single isolated rod attached to an infinite plane with the

objective of precisely describing the flow-induced deformation. The axially symmetric shape of the undeformed rod

allows us to apply Fourier expansions with respect to the meridional angle measured around the rod axis, and thereby

accurately evaluate the hydrodynamic load applied at the tip of the rod and along the cylindrical surface. By integrating

the hydrodynamic traction over the circular rod contour in a horizontal plane, we obtain an effective load density along

the centerline. By integrating the hydrodynamic traction over the exposed top surface of the rod, we obtain a

concentrated tip load accompanied by a bending moment. Once these results are available, the small deflection of rods

with arbitrary length to radius ratio is computed by solving the Euler–Bernoulli equation for an elastic beam using a

finite-element method. The numerical predictions are compared with analytical results for a cantilever supporting a tip

or distributed load, and significant differences are identified.

In the third part of this paper, the restriction of small deflection imposed in Section 2 is relaxed and an iterative

procedure is implemented for computing significantly deformed shapes of an isolated rod. The approach involves

assuming a deflected rod shape, computing hydrodynamic boundary-element tractions by solving an integral equation

over the rod surface, projecting the traction to the centerline, solving a boundary-value problem involving ordinary-

differential equations for the centerline shape, and then reconstructing a new rod shape by interpolation. The procedure

is repeated until convergence. The numerical results will be shown to be in excellent agreement with the small-

deformation analysis presented in Section 2. The significance of the analysis to biological systems is discussed in the

Conclusion.
2. Flow over a doubly periodic array

Photographs of nanomats consisting of an array of carbon nanotubes attached to a substrate and deforming under

the action of an overpassing flow were presented by Ni et al. (2008). In our theoretical model, the nanomat is idealized

as a doubly periodic array of parallel rods. Cartesian coordinates are introduced with the x and y axes parallel to the

nanomat and the z axis parallel to the undeformed rods, as shown in Fig. 1. The origin of the z axis is set at the aligned

tips of the microarray. We will consider nanotubes arranged on a square lattice with base vectors a1=(L,0) and

a2=(0,L), and nanotubes arranged on a hexagonal lattice with base vectors a1=(L,0) and a2 ¼ ðL=2;
ffiffiffi
3
p

L=2Þ, where L

is the shortest distance between two nanotube centerlines.

Far above the array, as z-1, the fluid velocity, u, obtains a linear distribution expressing simple shear flow,

uCxzeþUs þ � � � ð1Þ

where x is the shear rate, e is a unit vector tangential to the xy plane, Us is an a priori unknown slip velocity parallel to

the xy plane, and the dots represent exponentially decaying terms. For densely populated arrays and long nanotubes,

the velocity decays exponentially with distance from the tips inside the array. Since the fluid becomes virtually quiescent

at the lower end of the array, the presence of the substrate can be neglected as a first approximation.

At low Reynolds numbers, the motion of the fluid is governed by the Stokes equation and the continuity equation,

[e.g., Pozrikidis (1992)]. The fluid velocity is assumed to satisfy the no-slip and no-penetration boundary condition

demanding zero velocity over the top and cylindrical surface of each rod. The conditions for the Stokes equation and

slip boundary condition to be valid are discussed by Ford and Papavassiliou (2006). In our computations, we seek to

describe the velocity field and evaluate the slip velocity for specified nanomat geometry, shear rate, x, and direction of

the shear flow parallel to the xy plane.

2.1. Boundary-element solution

An efficient boundary-integral formulation for computing doubly periodic Stokes flow was developed in earlier work

(Pozrikidis, 2001). The integral formulation relies on the Greens function describing the doubly periodic flow due to a

two-dimensional lattice of three-dimensional point forces deployed parallel to the xy plane whose geometry coincides
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Fig. 1. Illustration of shear flow over a doubly periodic array of semi-infinite cylinders of radius a and separation L modeling a

nanomat.
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with that of the nanotube array. The velocity field induced by the point forces at a point x is given by

uiðxÞ ¼
1

8pm
Gijðx;x0Þbj ; ð2Þ

where m is the fluid viscosity, G is the velocity Greens function tensor, and b is the strength of each point force. One

arbitrarily selected point force is located at the point x0. Far above the point force array, as the difference z�z0-1,

Gijðx;x0ÞC
8p
A
ðz�z0ÞJij þ � � � ; ð3Þ

where A is the area of a unit cell in the xy plane and J is the identity matrix except that the third diagonal component

corresponding to the z axis is set to zero. Far below the point force array, as z�z0-�1, the Green’s function decays

exponentially with shifted distance, z�z0. The efficiency of the numerical method hinges on the expedited computation

of the Green’s function using Ewald sums (Pozrikidis, 1996).

The boundary-integral equation provides us with an integral representation for the velocity field,

ujðx0Þ ¼�
1

8pm

ZZ
Gijðx;x0ÞfiðxÞdSðxÞ þ xz0ej þUsj

; ð4Þ

where f is the hydrodynamic traction and the surface integral is computed over one cylinder surface. A companion

condition specifies that the force exerted on each cylinder balances the drag force imparted to the cylinder by the shear

flow, ZZ
fðxÞdSðxÞ ¼ mxAe: ð5Þ

Enforcing the integral representation (4) at the surface of a cylinder and requiring the condition of zero velocity we

obtain an integral equation for the hydrodynamic traction.

To solve the integral equation, we divide the top and side surface of one chosen cylinder into six-node flat or curved

boundary elements and approximate the Cartesian components of the traction with constant functions over each

element. The boundary-element discretization is carried out using a custom-made algorithm based on the successive

subdivision of a four- or eight-element pattern. The side surface arises by rolling a discretized square into a cylinder of

radius a and length d ¼ 2pa. Enforcing the integral equation at collocation points located at the boundary element

centroids, we obtain a system of linear algebraic equations for the Cartesian components of the element traction. The

slip velocity arises directly as part of the solution by enforcing the integral constraint (5), thereby producing two

algebraic equations for the x and y components.
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2.2. Results and discussion

Fig. 2 presents coded plots of the magnitude of the tangential component of the boundary traction representing

the shear stress for flow along the x axis. The boundary elements for an intermediate discretization involving 144

elements are also shown in the four panels. Each computation at this discretization consumes approximately

15min of CPU time on a high-end workstation. Red color represents high shear stress and blue color represents low

shear stress.

The results confirm that the flow decays rapidly with downward distance from the tip of each rod. As the radius of the

rods decreases or the rod separation increases, the flow is able to penetrate deeper into the array. We found that, for the

boundary element discretization implemented, the assumption of a semi-infinite array is valid approximately for

a=L40:1. For larger separations or smaller tube radii, the shear flow is able to reach the bottom of the truncated

cylinders. In the experiments of Ni et al. (2008), nanotubes with radius a�20230nm and spacing LC200 nm were

synthesized using a thermal chemical vapor deposition technique, corresponding to scaled nanotube radius

a=L�0:1020:15. Our computations are marginally able to describe flow over this moderately populated array in the

absence of a substrate.

Figs. 3(a, b) shows the x component of the slip velocity plotted against the cylinder radius scaled by the cylinder

separation, a/L, for flow along the x axis over a square or hexagonal array. The maximum possible value, a/L=0.5,

corresponds to touching cylinders. The diamonds, squares, and circles represent results obtained with 36, 144, and 576

boundary elements. The numerical predictions converge linearly with respect to the number of boundary elements. The
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Fig. 2. Color coded plots (in electronic version) of the magnitude of shear stress for a square nanotube array with scaled tube radius

(a) a/L=0.15, and (b) 0.45. (c, d) Same as (a, b) but for a hexagonal array. Red color represents high shear stress and blue color

represents low shear stress. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of

this article.)
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Fig. 3. (a, b) Graphs of the slip velocity for flow along the x axis, plotted against the scaled cylinder radius, a/L, for (a) a square and (b)

a hexagonal array. (c, d) Percentage of x component of the force imparted to the top surface (cap) of each tube for (c) a square and (d)

a hexagonal array. The diamonds, squares, and circles represent results obtained with 36, 144, and 576 boundary elements. The crosses

extrapolate the results to the limit of vanishing numerical discretization error.
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crosses extrapolate the results to the limit of infinite resolution by Richardson extrapolation. The dashed lines

interpolate and extrapolate the extrapolated data using piecewise cubic Hermite interpolation. We observe that the slip

velocity is only mildly sensitive to the lattice type. For both lattice types considered, as a/L increases toward the

maximum value of 0.5, the slip velocity decreases and tends to a well-defined limit. As a/L tends to zero, the slip velocity

diverges due to the inability of the needle-like rods to sustain the shear flow in the absence of a support.

The results reveal that the hydrodynamic traction in dense arrangements is concentrated near the top surface of the

nanotubes due to hydrodynamic screening, as illustrated in Fig. 2. Figs. 3(c,d) shows a graph of the fraction of the x

component of the force exerted by the shear flow at the top surface (cap) of each tube, a, for the square and hexagonal

array. In the case of densely populated nanotubes, a=L40:45, more than 80% of the force is exerted on the top surface.

Nanotubes bend under the influence of the stress imparted to them by the simple shear flow. Ni et al. (2008)

demonstrated that the nanotube deformation can be used to infer the flexural stiffness, as discussed in the Introduction.

Once this is known, the nanotube deformation can be calibrated to produce the surface shear stress. Ni et al. (2008)

modeled the nanotubes as cantilever beams that are fixed at the lower end on the substrate and are free to deform at the

exposed end. A distributed side load was applied according to a local drag coefficient that depends on the local fluid

velocity using the Stokes–Oseen formula for flow past an infinite cylinder.

In a simplified model, the deformation of each nanotube can be estimated by assuming that the hydrodynamic load is

concentrated at the tip of a cantilever. Elementary analysis shows that the beam deflection is described by the simplified

formula

f ðxÞCmxA
d3

6EI
1�

x

d

� �2
2þ

x

d

� �
; ð6Þ

where A is the area of a unit cell in the xy plane, d is the length of the cantilever, E is the elastic modules, I is the cross-

sectional moment of inertia, and the product EI is the flexural rigidity. The origin of the x axis is set at the far end of the

cantilever. The maximum displacement occurs at the tip located at x=0. The cubic dependence of the maximum

deflection on d is consistent with results shown in Fig. 4(a) of Ni et al. (2008). Given all geometrical and physical

parameters, A, d, E, I, and a pointwise deflection, expression (6) can be used to estimate the wall shear stress, mx.
In the experiments of Ni et al. (2008), a nanomat was inserted in a quartz tube with inner diameter 6.2mm, and

air was supplied with average velocity UC40m=s. According to the Blasius boundary-layer solution for flow past a
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semi-infinite plate, the wall shear stress is

t � mxC0:332U3=2 mr
x

� �1=2
; ð7Þ

where r is the density of air and x is the distance from the leading edge. Substituting r¼ 1:2kg=m3 and m¼ 1:73�
10�5 Ns=m2 for the density and viscosity of air, we find tC3:8� 105=

ffiffiffi
x
p

in units of N/m2, where the distance x is

measured in mm. For nanotube length d ¼ 40mm, the maximum deflection was observed to be approximately

f ð0ÞC1:5mm. Since the nanotubes were separated approximately by distance LC200 nm, we set ACL2C10�13 m2 for

the surface area of each unit cell and obtain an estimate for the flexural stiffness,

EIC
tAd3

3f ð0Þ
C

5:4ffiffiffi
x
p � 10�16 Nm2: ð8Þ

For xC100mm, this estimate is consistent with the value 8:8� 10�16 Nm2 inferred by Ni et al. (2008) based on a more

elaborate theoretical model.
3. Small deformation of an elastic rod

In the second part of this work, we consider shear flow past an isolated cylindrical rod with length d and radius a

attached to an infinite plane, as shown in Fig. 4(a). Far from the rod, the velocity field describes simple shear flow along

the y axis with velocity components u1x ¼ 0, u1y ¼ xy, u1z ¼ 0, where x is the shear rate. The labeling of the Cartesian

axes with the x axis perpendicular to the plane wall and the y and z axes parallel to the plane wall is motivated by the

Fourier decomposition with respect to the meridional angle, j, discussed next. Our objective is to describe the small

flow-induced deflection from the perfectly straight shape taking into consideration the precise distribution of the

hydrodynamic load.
3.1. Boundary-integral formulation

The velocity at a point in the flow past the undeflected rod can be produced by linearly superposing the unperturbed

shear flow and three single-layer Stokes flow potentials defined over the exposed rod surface (R), discoidal rod base

attached to the wall (B), and wall surface outside the base of the rod (W),

uðxÞ ¼ u1�Isðx;f;RÞ�Isðx;fD;W Þ þ Isðx;f1;BÞ; ð9Þ

where f ¼ n � r is the hydrodynamic traction, r is the stress tensor, n is the unit vector normal to the boundaries pointing

into the flow over R and W and into the upper half space over B, and the superscript D denotes the disturbance flow
y
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Fig. 4. (a) Schematic illustration of shear flow past a cylindrical with length d and radius a attached to an infinite plane. (b) Typical

boundary-element discretization of the rod and wall contour in the j¼ 0 meridional plane.
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(Pozrikidis, 1997). We have introduced the single-layer potential of Stokes flow defined over a surface O,

Isðx;f;OÞ �
1

8pm

ZZ
O
Gðx�x0Þ � f dSðx0Þ; ð10Þ

where

GðxÞ ¼
I

jxj
þ

xx

jxj3
ð11Þ

is the free-space Green’s function, and I is the identity matrix.

In the particular case of simple shear flow along the y axis, the cylindrical polar components of the velocity exhibit

harmonic dependencies on the meridional angle, j, in the form

ux ¼ x dUxðx;sÞcosj; us ¼ x dUsðx;sÞcosj; uj ¼�x dUjðx;sÞsinj; ð12Þ

where Ux, Us, and Uj are three dimensionless functions. The unperturbed simple shear flow is described by Ux=0,

Us ¼ x=d, and Uj ¼ x=d. Motivated by the linearity of the governing equations, we express the cylindrical polar

components of the traction in the corresponding form

fx ¼ mxF xðx;sÞcosj; fs ¼ mxF sðx;sÞcosj; fj ¼�mxFjðx;sÞsinj: ð13Þ

The Fourier coefficients of the simple shear flow over the base are given by F x ¼ 0, F s ¼ 1, and Fj ¼ 1. Substituting

(12) and (13) in (9) and performing the integration in the meridional direction we derive integral representations for the

cylindrical polar components of the velocity over the trace of the boundaries in the j¼ 0 meridional plane. Now taking

the limit as the point x approaches the flow boundaries, we derive three one-dimensional linear integral equations for

the dimensionless coefficient F a. The solution was found using a standard boundary-element method. A typical

boundary-element discretization in a meridional plane is shown in Fig. 4(b). Note that the boundary elements are highly

concentrated near the corners to resolve the fine features of the flow.

The y component of the force and z component of the torque with respect to a point x0=(x0,0,0) exerted on the rod can

be expressed as line integrals with respect to arc length l measured along the trace of the rod in the j¼ 0 meridional plane,

Fy ¼ pmxd

Z
FðlÞdl; Tz ¼ pmx d2

Z
CðlÞdl; ð14Þ

where

F¼ ðF s þ FjÞ
s
d
; C¼ ððx�x0ÞðF s þ FjÞ�sF xÞ

s
d2

ð15Þ

are dimensionless functions.

3.2. Rod deflection

After the boundary traction has been computed, the beam centerline deflection described by the function y= f (x) is

computed by solving the Euler–Bernoulli equation

EI
d4f

dx4
¼wðxÞ; ð16Þ

where E is an elastic modulus of the beam material with units of stress, I ¼ 1
4
pa4 is the second areal moment of inertia of

the rod cross-section, and w (x) is the linear density of a distributed hydrodynamic load with units of force divided by

length. Referring to the first equation in (14), we set wðxÞ ¼ pmxdFðxÞ. The boundary conditions specify

f ð0Þ ¼ 0;
df

dx
¼ 0; EI

d3f

dx3

� �
x ¼ d

¼ F top
y ; EI

d2f

dx2

� �
x ¼ d

¼T top
z ; ð17Þ

where Fy
top and Tz

top are the force and torque exerted on the discoidal top surface of the rod. The Euler–Bernoulli

equation was solved by a standard finite-element method employing Hermitian elements (Pozrikidis, 2005).

3.3. Results and discussion

Fig. 5(a) shows the distribution of shear stress along the contour of the top of the rod, the side surface of the rod, and

the plane wall in the xy plane. The origin of arc length, s, has been set at the top rim corner point. Results are shown for

a sequence of radius to height ratios, a/d. As the rod becomes increasingly slender, a=d-0, the shear stress
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Fig. 5. (a, b) Shear stress distribution along the contour of the cylinder and wall in the xy and zx plane, plotted against the arc length s,

for cylinder aspect ratio a/d=0.001, 0.002, 0.004, 0.005, 0.010, 0.015, 0.02, 0.03, 0.04, 0.06, 0.10, 0.15, 0.20, 0.30, y, 1.0 (dotted line).

The origin of arc length, s=0, has been set at the upper circular rim.
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Fig. 6. Distribution of the load function F along the cylinder length for cylinder aspect ratio a/d=0.001, 0.002, 0.004, 0.005, 0.010,

0.015 0.02, 0.03, 0.04, 0.06, 0.10, 0.15, 0.20, 0.30, y, and 1.0 (dotted line).
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monotonically increases over the top. An expected discontinuity due to the corner flow occurs at the top circular rim.

As we move downward from the top to the bottom along the side surface, the shear stress decreases, takes negative

values indicating the onset of recirculating flow, and then vanishes around the bottom corner point. Fig. 5(b) shows the

corresponding distribution of the shear stress along the contour of the cylinder and wall in the zx plane. This shear

stress is positive along the whole boundary contour.

Fig. 6 shows the distribution of the dimensionless function FðxÞ defined in (15), describing the distributed streamwise

hydrodynamic load exerted on an infinitesimal cross-section. Results are shown for a sequence of rod radius to height

ratios, a/d, corresponding to those presented in Fig. 5. As we approach the top of the rod along the centerline, the

hydrodynamic load increases monotonically and exhibits an integrable singularity due to the sharp corner around the

rim of the discoidal cap. As the rod radius decreases, the distribution of the load becomes less gradual.

Figs. 7(a, b) shows graphs of the y component of the force exerted on the rod (solid lines) and z component of the

torque with respect to the origin of the Cartesian axes located at the infinite plane (broken lines). The circles and

diamonds in Fig. 7(b) represent results of computations using a boundary-element method discussed in Section 4. As

the cylinder radius becomes larger, the force and torque increase approximately at a constant rate. As the cylinder

radius becomes smaller, the force and torque both tend to zero. The behavior for small radii can be described using

slender-body theory predicting that, in the limit of zero radius, the force and torque scale with the inverse of the log of

the aspect ratio, 1/ln(d/a) (Batchelor, 1970). Fitting our numerical results to this functional form, we obtain

FyCmxd2 2:18

lnðd=aÞ
; TzCmxd3 1:47

lnðd=aÞ
; ð18Þ
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represented by the dotted lines in Figs. 7(a, b). A sharp decline in the force and torque occurs approximately when

a=do10�3.

The solid line in Fig. 8 shows a graph of the ratio of the y component of the force exerted on the top of the cylinder to

the y component of the total force exerted on the whole cylinder surface. The broken line shows a graph of the scaled z

component of the torque exerted on the top of the cylinder with respect to the top centerpoint, (d,0,0). The circles and

diamonds represent the results of a boundary-element method discussed in Section 4. As the cylinder becomes

increasingly slender, the ratio of the top to the total force tends to zero with a finite slope. In contrast, the torque tends

to zero with zero slope and curvature, and the magnitude of the torque is negligible even for moderate rod radii.

Fig. 9 shows deformed centerline profiles for a sequence of rod aspect ratios computed by the finite-element method.

All profiles have been scaled by the maximum deflection of a cantilever subject to a concentrated end-load, given by

f0 � Fyd3=ð3EIÞ, where Fy is the total force exerted on the rod. The results show that the rod deflection arising from the

finite-element solution is less severe than that of a cantilever with a concentrated load (dashed line), but more

pronounced than that of a cantilever with a uniform load (dot-dashed line). As the rod becomes increasingly slender,

the profiles uniformly converge to a limiting shape for a fiber, exhibiting a transition from a concentrated-load shape to

a uniform-load shape. The profiles shown in Fig. 9 in conjunction with the data shown in Fig. 7 can be used to estimate

the flexural rigidity, EI, based on photographs of the deformation of an attached rod.
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Fig. 9. Deformed rod profiles for aspect ratio a/d=0.001 (leftmost solid line), 0.002, 0.004, 0.005, 0.010, 0.015 0.02, 0.03, 0.04, 0.06,

0.10, 0.15, 0.20, 0.30, y, 1.0 (dotted line). The dashed line traces the cubic profile of a deformed cantilever subject to a concentrated

end load that is equal to the total force exerted on the rod. The dot-dashed line traces the cubic profile of a deformed cantilever subject

to a distributed uniform load whose integral amounts to the total force exerted on the rod.
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Fig. 10. (a) Schematic depiction of a rod deflecting due to an incident simple shear flow. (b) Boundary-element discretization of the top

and side surface of a rod with radius to length ratio a/d=0.05, respectively, into 16 and 128 elements.

C. Pozrikidis / Journal of Fluids and Structures 26 (2010) 393–405402
4. Large deformation of a flexible rod

In the third part of this paper, we consider shear flow past a significantly deflected cylindrical rod of length d and

radius a attached to an infinite plane located at z=0, as illustrated in Fig. 10(a). The labeling of the Cartesian axes is

consistent with those introduced in Section 2. Far from the rod, the velocity field describes simple shear flow along the x

axis with velocity components u1x ¼ xz, u1y ¼ 0, u1z ¼ 0, where x is the shear rate. Our objective is to describe steady

deflected rod shapes relaxing the assumption of small deformation invoked in Section 3.
4.1. Hydrodynamics

The velocity at a point in the flow, x0, is given by the integral representation

uðx0Þ ¼ u1ðx0Þ�I
sðx0;f;RÞ; ð19Þ

where Is is the single-layer potential defined in (12) supported by the rod side and top surface, R. The kernel G of the

single-layer potential is the Green’s function of Stokes flow for a semi-infinite domain bounded by a plane wall [e.g.,
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Pozrikidis (1992)]. Enforcing the integral representation at the surface of the rod and requiring the condition of zero

velocity provides us with an integral equation for the hydrodynamic traction.

To solve the integral equation, we divide the top and side surface of the rod into six-node flat or curved boundary

elements, as illustrated in Fig. 10(b). The side surface arises by rolling a discretized square into a cylinder of radius a and

length 2pa, and then stretching the cylinder to achieve a desired length, d. Approximating the Cartesian components of

the traction with constant functions over each element and enforcing the integral equation at collocation points located

at the boundary element centroids, we obtain a system of linear algebraic equations for the Cartesian components of the

element traction. To demonstrate the accuracy of the method, in Figs. 7(b) and 8 we indicate with circles and diamonds

results for a straight rod discretized into 16 elements over the top and 128 elements over the side surface of the rod, as

shown in Fig. 10(b). Considering the modest number of boundary elements employed, the accuracy of the numerical

results is remarkable for aspect ratios as small as a=dC0:01.

4.2. Beam approximation and rod reconstruction

In the limit of high aspect ratio, the rod reduces into a slender beam described by the centerline profile, x¼F ðlÞ,
where l is the arc length along the centerline measured from the point of attachment, varying in the interval [0,d]. The

beam deflection from the vertical shape is defined as dxðlÞ ¼F ðlÞ�F 0ðlÞ, where the subscript 0 denotes the undeformed

straight profile. In the numerical implementation, the discretized top and side surfaces of the rod are reconstructed from

the centerline profile in three stages. First, the surface of a perfectly straight cylindrical rod with length d and radius a is

discretized into boundary elements defined by element nodes. Second, the z coordinate of each node serves as an

interpolation variable for displacing the points by dxðzÞ, where 0 � z � d. Third, the position of each element node is

rotated around the y axis about the displaced centerline point located at F ðzÞ according to the derivative dF=dl, so that

each cross-section of the rod remains perpendicular to the centerline in the deformed configuration. Collocation points

are then defined at the element centroids and the integral equation is solved.

4.3. Beam deflection formulation

Because of the distributed side and tip load, the beam representing the backbone of the rod develops a tangential

in-line force, T, a transverse shear force in the zx plane, Q, and a bending moment about the y axis, M, as illustrated in

Fig. 10(a). The vectorial force exerted on a beam cross-section is F=TtþQn, where t is the unit tangent vector pointing

in the direction of increasing arc length, l, and n is the unit normal vector. A differential force balance over an

infinitesimal section requires the equilibrium condition

dF

dl
þ p¼

d

dl
ðTtþQnÞ þ p¼ 0; ð20Þ

where p is a distributed load. Expanding the derivatives of the products on the left-hand side and using the Frenet

relations dt=dl ¼�kn and dn=dl ¼ kt, we obtain the normal and tangential force balances

�kT þ
dQ

dl
¼�p � n � �pn; kQþ

dT

dl
¼�p � t � �pt; ð21Þ

where k is the beam curvature of the in the zx plane. Performing a torque balance over an infinitesimal cross-section, we

find Q=dM/dl. Next, we introduce a linear constitutive equation for the bending moments expressed by the relation

M ¼ EBk, where EB=EI is a bending modulus with dimensions of force multiplied by length. Rearranging the

preceding equations we derive a nonlinear coupled system,

dT

dl
¼�kQ�pt;

dQ

dl
¼ kT�pn;

dk
dl
¼

Q

EB

: ð22Þ

At the far end of the beam, l=d, we specify T, Q, and the curvature k according to M. The corresponding attachment-

point values, T(0), Q(0), and kð0Þ, must be found as part of the solution.

To compute the shape of the deformed beam in terms of the curvature in the zx plane, kðlÞ, we regard the x and y

coordinates of material point particles distributed along the centerline as functions of arc length in the deformed

configuration, l, writing x=x1(l) and y=x2(l). By definition then, x1
02þ x2

02¼ 1, where a prime denotes a derivative with

respect to l. Using elementary differential geometry, we derive the relations

k¼�x1
00x2
0þ x1

0x2
00¼ �

x1
00

x2
0
¼

x2
00

x1
0
: ð23Þ
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Next, we introduce the derivative functions x3 � x0 and x4 � y0, and obtain the following system of four nonlinear

differential equations,

dx1

dl
¼ x3;

dx2

dl
¼ x4;

dx3

dl
¼�kx4;

dx4

dl
¼ kx3: ð24Þ

Given the distributed load, p(l), the deformed beam shape is governed by a system of seven first-order ordinary

differential equations for T, Q, k, x1, x2, x3, and x4, comprised of Eqs. (22) and (24). Putting the origin of the Cartesian

axes at the point of attachment and fixing the slope, we obtain four initial conditions,

x1ð0Þ ¼ 0; x2ð0Þ ¼ 0; x3ð0Þ ¼ 0; x4ð0Þ ¼ 1: ð25Þ

The solution of the boundary-value problem was found using the internal matlab function bvp4c.
To convert the hydrodynamic traction exerted on the rod surface into beam load, we work as follows. Given a rod

shape, the boundary-element tractions are computed by solving the integral equation discussed earlier in the section,

and are then multiplied by the element surface areas to give element forces. The forces on elements on the side of the

cylinder are transferred as pointwise loads to the beam centerline and then smoothed to give a discontinuous distributed

load, p. The forces on elements on the top of the cylinder yield a tip force, Fd, accompanied by a moment with respect to

the end of the centerline, Md.

The equilibrium beam shape is found by iteration. A beam shape is assumed, the rod shape is reconstructed, the

boundary-element traction is computed, the beam load is calculated, a new beam shape is obtained, and the process is

repeated until convergence. Since the boundary-element code was written in fortran and the boundary-value problem

was solved in matlab, the iterations are carried out by recording and reading output and input data files. Only a few

iterations are necessary for the results to converge with tolerance comparable to the numerical discretization error.

4.4. Results and discussion

The rod deflection is determined by the dimensionless bending stiffness, ÊB � EB=ðxd3Þ. Fig. 11 shows a family of

deflected beam centerline profiles for rod aspect ratio a/d=0.05. A three-dimensional shape of a deflected rod for

ÊB ¼ 0:3 is shown in Fig. 10(b). The results are in agreement with physical intuition: as the bending stiffness is reduced

or the shear rate increases, the rod exhibits a predominantly horizontal deflection and then inclines to accommodate the

shear flow. The tip of the rod tends to become horizontal at high shear rates. The dotted lines in Fig. 11 represent the

predictions of the small-deformation theory discussed in Section 3. Apart from not conserving the specified length of

the rod, the small-deformation analysis is remarkably accurate even for moderate deformations and can be used to

accurately deduce the bending stiffness from laboratory observation.
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Fig. 11. Deflected rod centerline profiles for rod aspect ratio a/d=0.05 and dimensionless bending stiffness Ê B � EB=ðxd3Þ ¼

5; 3; 2; 1:5; 1:0; 0:75; 0:5; 0:4; 0:3; 0:25. The dotted lines represent the predictions of the small-deformation theory.
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5. Summary and discussion

We have discussed shear flow over a surface hosting an array of cylindrical rods with applications to flow over a

carbon nanomat consisting of nanotubes and presented numerical results on the macroscopic slip velocity. A boundary-

element analysis employing the doubly periodic Green’s function provided us with data for the concentrated

hydrodynamic load applied at element centroids over the top and side surface of the rods. Due to hydrodynamic

shielding, most of the load is exerted near the exposed tips of the periodic array. In light of the slenderness of the

nanotubes, bending can be described by the Euler–Bernoulli theory for a elongated beams, and accurate predictions for

the nanotube deformation can be obtained.

We have computed the deflection of an isolated rod attached to a flat substrate under the action of a shear flow for

small and large deformation. In the case of flow past a slightly deformed rod, the surface traction was computed with

high accuracy by introducing a Fourier expansions and solving one-dimensional integral equations. In the case of flow

past a significantly deformed rod, deflected shapes were computed by iteration using a boundary-element method and

accurate numerical results on beam deflection were obtained by iteration. The accuracy of the small-deflection theory

was confirmed well into the regime of moderate deformation.

This work was motivated by the hydrodynamics of shear flow over a nanomat consisting of attached carbon

nanotubes. A precise description of the force and torque exerted on a rod attached to a plane is of interest in biophysics

with reference to the function of the stereocilia. Flow over a surface populated by nanotubes is similar to flow over a

ciliated substrate. In biological applications, the synchronized active beating of cilia drives a flow that may feed a

microorganism or transport fluid. In contrast, at the present time, nanotubes deployed over a nanomat exhibit only

passive, fluid-induced deformation.
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